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ABSTRACT:By using Abel integral equations,
we solve simultaneous dual series equations

involving Konhauser biorthogonal polynomials.

Dual series equations
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Where [Z‘s (x; k)] is the

n=0

Konhauser

biorthogonal  polynomial set, S =0,6 >

—1, fi(x) and (gi(x)are known functions and Ay;
is unkown constant which is to be determined,
have been solved.

We require the biorthogonal properties of

the Konhauser biorthogonal polynomials!

oo

j exp(—x)x%Z8(x;k)dx =0, if m#n
0
_T (1-:18!+kn) 3)
if m=n
Where § > —1.
The second formula required is the Weyl

integral given by Karande and Thakare?

o)

f (exp(—x)(x — E)B_lZflJrﬁ (x; k) dx
0

=T (B) exp(—§) Zy (§; k) (4)
Where§ +1 > > 0.
The third result that we require is
3
diff (£ —x)B1 x5+BZfL+B(x; k)dx
0
= Gy &)
where § + 28 >0,8>0,6 > —1.

We have the Riemann-

Liouville fractional
integral® given by Prabhakar*
3
f x0B (& — )P Z0%F (x s k) dx
0

_ T(8+B+1+kn)T (R)ES+2BZ5+2 (¢ k) (6)
B T (146+2B+kn)

where 8 > 0,6 +1 > 0.

If f (&) and f' (&)are continuous in 0 <x< coand
if 0 <pB<1, then the solutions of Abel integral

equations

(©) = [y 2 dx (7)
and

&) = [ L dx (8)

(&-x)F
are respectively given by
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_sinprd x_ fi(§)
Fu(o) = 2000 [f LB de 9)

and
_ sinprd [ A©
Fo(x) = T dx;[ (x — &)B-1 d
Solution of the Equations:
From (5) and (1), we get
d
- _ \B-1,8+B70+B (...
dgl-(é )P~ x an (x;k)
o 6 .
Z z Ani dx
Ll T(5+f+1kn)
AN r(8) v2p-
_ZZA"iF(6+2[3+kn,)fa o
n=0j=1
X Z PTG )
=T(B)ET ().
Hence
;; F(6+B+kn )d{J € —0f"

x‘”ﬁZ,‘f;B(x; k)dx

=T (B) &1 f; () (1D)

Similarly, from (4) and (2), we get

£ exp(—x) (x — £)F1

— __Ani
Zn=0 z:J'=1 T (6+B+kn,) ff

(12)
x Zy P (x s k) dx = T(B) exp(=§) i, (4)

Let

fui(@) = x®¥*+Ppi (2) (13)

Where

Pi(0) = 00X roems (14)
Zn P (k)
Multiplying both sides of (13) by

(€ — x)B~1 and integrating with respect to x over
(0, &) and then differentiating with respect tog,
we get

¢
d
= Of € — 0P (0)dx

3
d
- 6-BcE — )B-1 pi
dfj x°7P(&—x) Pi (x)dx
0
Now using (9) and (11), we get

Fii(§) == (sinB m [(RE21£,(6))  (15)

Again dividing both sides of (15) by (x — &)#,
integrating with respect to ¢ over (0, x) and then
using (7), we get

f;(x) = x5*F Pi (x)

Sin B T (B) foof““”-lfi 3) dé (16)
0 (x-HF

Let

fai (x) = exp(=x) Pi (x) 17
where Pi (x) is given by (14). (17)

Similarly, Multiplying both sides of (17)
by(x — &£)#~1 and integrating with respect to x

over (&, 00) and differentiating with respect of &

we get by using egns. (10) and (12).

Fou(§) = =B (exp(— £)g, () (18)

A
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Dividing both sides of (18) by (& — x)#,
integrating with respect to & over (x, ) and then

using (3), we get

f2i(x) = exp(—=x) pi (x)

xp(—§9f%)
Sm ﬁﬂ.’l‘(ﬂ) J‘x (df) (x_g)ﬁ dE (19)

from (16) and (19), we write respectively

p; (x)

__exp(x) Sin(ﬁﬂ)l"fxf“w_lﬁ(f)
m o (—-OF

d¢

0 <x <y (20)
and

exp(x) sin(Bm)T (B)
(m)

pi(x) = —

o (5) XP(=§)gi(§)dg
<), &0F

(21)

y<X<oo

The L.H.S. of (20) and (21) are identical, hence
multiplying both by x5+# exp(—x)Y,fl;rﬁ (x; k),
integraing (20) with respect to x over (0, y),
integrating (21) with respect to x over (y, );
adding and using the orthogonality relation (3),
we get, with the help of (14), the solution of the

dual series eqn. (1) and (2) in the form

Jj=1

y
()t sin BN | exp(—x)

0

x £6+20-1 ¢
x Yo (k) UO E(x_—;;‘f) df} dx —

—(n;)!sin(Bm)T (B)f x5+3yffﬁ(x;k).
y

oo (o) exp(=£)gi ()
x{fx ds o4& dx] (22)

or
y
D fny = 3 lsin G B0 [ exp(—x)
=1
X Yo P G k) £ () dx — f xS+ Y (k)
y
x gi(x)dx}] — (23)

with§ +1 > 0,4 > 0, where

x £(8+26+1) £
reo= [ LD o

* = () exp(=£)gi (§)
gi(x) = fx 4 € —x)F

dg

Particular case : If was set s=1 in eqgn. (1) and (2)
then reduce to dual series equations involving
Konhauser biorthogonal polynomials and our
solution (23) is in complete agreement with that
of Patil and Thakare®
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